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A bstract
Decomp osabl e e ￿ ecti vit y fun ctions a re in tro duc ed as a n extensi on of add i-
tiv e e￿ectivi t y fu nctions. Whereas a d diti v ee ￿ ec t iv it y functi o n s are determi ned
b y pai r so f addi tiv e TU-games, d ecomp osable e￿ e ctivi t y fun ctions are gener-
at e d b y pair s of TU-games that ne ed not b e addi tiv e. It t ur n s out that the cl as s
of decomp osabl e e￿ectivi t y fun ctions do e s not onl y con t ai n the cl ass o f add itiv e
e￿ectivi t y functi o n sb u ti ta l s oc o n t ai ns the cl a ss of e ￿ ec t iv it y fun ctions co rre-
sp ond in g to si mpl e g ames and the cl a ss of e￿ ec t iv it y functi o ns co rresp o n din g
to v eto func t i ons.
W e examin e r e lations b et w een prop ert i es of de comp osa bl e e￿ ecti vit yf u nctions
and the TU-games b y whi c h they are g e nerat e d. I t turns out that a dec o m-
po sabl e e￿ectivi t y fu nction i s sta b le whe nev er i t can b e gene r ated b y a pai r
of bal anced TU-uti li t yg a mes. F i nal ly ,w e pro vi de t w oc haract er i zations of
dec o mp o sabl e e ￿ ec t i vit y func t i ons.
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1 In tro duction
Cho i ce corresp o ndenc es and c hoic e functions,whic hd e scrib e the coll ecti v ec hoic eo fa
n u m b e ro fa g e n ts, form a c en tral topic o f study in so c ial c ho i ce theory . I ti sa s s u m e d
t h a t the se c ol le ctiv e dec ision rules dep end o n the prefe rences of th e indiv idua l a gen ts.
As th e se pre ferenc es are pri v at e i nf or m at i o n, strategic a sp ects p l a ya n i m por t an tr o l e:
By fei gn i ng or m isreprese n ting prefe rence s , indiv iduals or coa l iti on s c an i n￿u e nce s o-
ci et y ’s c hoic e to thei ro wn b e ne￿t b ut at t he e xp ense o f others. Thi s defe ct o f m an y
r u l e si s w el l-kno wn. F or insta nc e, Cond orce t (178 5) al read y c riti ciz ed Borda ’ s rule
(Borda (178 1)) o n this p oin t.
Usi n gA rro w’ si m p o ssibi li t y the or e m (Arro w (19 51)), G i bba rd (19 73) a nd Satterth-
w aite (197 5) indep enden tly sho w ed tha t i n th e cas e of three or m ore alter n ati v es,
dic ta torial rul es a re the o nl yc ho i ce functi on s whic h do not exhi bi t this stra te gi cb e -
ha vi o r. So when studying c hoice f un c tions and c ho i ce corresp o nde nc es i n o ne w a yo r
an other, w eh a v e to cop e wit h stra te gi cb e ha vior. Therefore it is in t eresting to kno w
the \ p o w er distri b uti on " i ns o c iet yw h i c h indi cates the opp ortunitie s for i ndivi dua l
or co al itional m anipul at i o n at a giv en c ol lec tiv e dec ision rule. A w a yt o m o del th i s
po w er distri bu ti on w as i n tro duce di n Mouli n a nd P e leg (19 82 ) u si ng the c on c ept of
an e ￿e ctiv it y function. F orm all ya n e ￿e ctiv it y function a sso c iates to e ac h coa l iti on a
coll ecti on of su bsets of a l ternativ es fo r whic h the coa l iti on i s e￿e c tive .I fa c o ali tion
is e￿ecti v e for a ce rta i n subs e to f a l ternativ es, this m eans that i ti s able to f o rce the
￿na l outcom e o f the de cisi o n rule a t ha nd to b e a m o ng the el em e n ts of thi ss e t, or
form ul at e do t he rwise, this coali tion can ve to all alter n ati v es outside this set o f al ter-
na ti v es.
P os si ble a ppl ications of e￿ect ivi t y functions tha t a re discussed b y Mouli n and P el eg
(19 82 ) a r ee ￿e c tiv it y functi o ns asso ci at e d with m o notonic s i m pl e gam es, a ddi tiv e ef-
fec tivi t y functions whic h a re rel at e dt ov oting b yv e to m etho ds (c f. Mouli n (1 983 )),
an d neutral an d A-m onoto ni ce ￿ e cti vit y fun c tions whic hc o r r esp ond to v eto func-
tions (cf. Mouli n (1 98 2)). E￿ e ctiv it y functions corresp onding to m on otonic si m ple
ga m es form a sub c lass o f e￿ecti vit y func tions corresp onding to v eto functi o ns. Ho w-
ev er, there is no incl us i o n relation b et w een the class o f a ddi tiv e e￿ec tivi t y functions
an d the c l a s so fe ￿ e cti vit y functions c o rre sp onding to v e to functi o ns. I n thi s pap e r
w ei n t r odu c e ano the r class o f e￿ e cti vit y functi o ns, c al led de com p o sab l ee ￿e ctiv it y
functi o ns, w hi c h com pri se s the c lass e sm e n tioned ab o v e .I n b o th a ddit iv ee ￿e ctiv it y3
functi o ns a nd e￿ec tivi t y func tions c o rre spon d i ng to v e to functi o ns, a coali tion S i s
e￿ecti v e for a s e t B ,i f the v eto p o w er o f S e xce eds the v eto resi s tance of A n B . Here
the v eto resi s tance is an a ddi tiv em e a sure and the v eto p o w er i s eithe r a n additi v e
m e a sure (in case o f an additi v ee ￿e ctiv it y func tion) or a TU-ga m e (in the o ther case).
F o rad e com p osa bl ee ￿ e cti vit yf un c tion a c o ali tion S is e ￿e ctiv e for a set o f alterna-
tiv es B if the v eto p o w e ro fS ex cee ds th e v eto resistance of A n B .B ut no w the v eto
p o w er as w e ll as the v e to resistance a re descri be db y TU-ga m es b eing not ne cessa r ily
ad di tiv e.
The o rganization o f the pap er is a s foll o ws . S e ction 2 de￿nes the c o nce pt of an e ￿e c-
tiv it y functi on a nd recall ss o m e b asic prop er ties o f e￿ecti vit yf un c tions . F urtherm ore,
w e recons i der the b e fo re -m en ti on e d classes o f e￿ e cti vit y functi o ns, nam el ye ￿e ctiv it y
functi o ns asso ci at e d with m o noton i cs i m pl e gam es, additi v e e￿ec tivi t y functi o ns, and
e￿ecti vi t y functi o ns corresp onding to v e to functi o ns. In Secti on 3 w ei n t r odu c e de-
com p o sable e ￿e c tiv it yf un c tions . Sec tion 4 ex am ines rel at i on s b e t w e en the pro p erti es
of dec om p osa bl ee ￿ e cti vit y fun c tions and the prop e rties o f TU-ga m es that g ene ra te
these e ￿ e ctiv it y functi o ns. Am ong o ther s, i ti s sho wn tha t a de com p osa bl ee ￿e ctiv it y
functi o ni sm on otonic i f and o nl y if it can b e generated b ym ono tonic T U -g am es;
further a de com p osa bl ee ￿e ctiv it y functi o n is sta bl e whene v e r it can b e g e nerated b y
ba l an c ed T U -g am e s . Secti o ns 5 and 6 pro vide t w oc ha racte rizations o f decom p os able
e￿ecti vi t y func tions . First, i ti ss h o w n that an e ￿e ctiv it y functi on i sd e com p osa bl ei f
a n d o n ly i fi t s ati s￿ e s the rev eale dp o w er prop e rt y . This pro p ert y can b e seen as a
m o d i ￿cation o f the m ore fam il iar W A RP (=w eak axiom of rev eale dp r e fere nc e) con-
diti o n in rev eale d prefe rence theory . Secondly ,w e sho w that an e ￿e ctiv it yf un c tion
is decom p o sable i f and o nly i fi ti sp o s s i ble to re presen t the e￿ect ivi t y functi on b ya
f 0 ; 1 g -m a tri xi ne c hel o n fo rm .
2 E￿ectiv it y func tio n s
W e sta rt with so m eb a s i c no tations and de ￿nitions.
Le t X b e a ￿nite set. T he p o w er s e to f X is de no te db y2
X
,i .e ., 2
X
:= fY j Y ￿ X g,
an d P
0
(X ): = 2
X
n f;g. The cardinali t yo f X is denoted b y jX j.
Le t A b e a ￿nite set of al ternativ es and l et N b e the set f1 ; :::;n g ( n 2 I N). N i s
call ed a s o cie ty,m em be r so f N are c al le d age nts or vote r s, and non- e m pt y subs e ts of4
N ar e c al le d c o alit i on s.W e a ssum e that ea c ha g e n ti 2 N has pre ferenc es o v e r the
set of a l terna t iv es whic h can b e represen ted b y a com pl ete a nd tra nsiti v e prefe rence
rel at i on R
i
. Let a; b 2 A and i 2 N .W e ado pt the usual no t at i on aR
i







b an d n ot bR
i
a . Al s o a s usual aR
i
b is t ob e i n terpret ed as
‘alte rna ti v e a i sa tl ea st a s g o o d as alter n ati v e b ac cording to R
i
’. F urtherm ore, for
S 2P
0








is call ed a (prefe rence) pr o￿ le on A . The c lass of all
suc h prefe rence pro￿les is denoted b y R
N
.
An e￿e c tivity fun ction ( cf. Mouli n a nd P el eg (1 98 2)) is a m ap E : P
0




suc h tha t
(i) E (N )=P
0
( A )
( i i ) A 2E ( S )f o r all S 2P
0
( N ) .
T he in terpretation o f E i sa s f o l lo ws: If B 2 E (S ), then S can fo rc e the ￿nal deci sion
withi n the subs e t B o f alte rn ati v es. B y de￿niti o n the so ci et y N can f or c e th e o utcom e
to b el on g t o e v ery (non- e m pt y ) subset o f alte rna ti v e s.







￿ 1, where for S 2P
0





(S; B ) = 1 if and only i f B 2 E (S ):
W e wil ln o w consider sev eral prop e rtie s that e￿ecti vi t y functi on s m igh ts a t i sf y .W e
wil l use these prop e rtie sl at e r o n, but it sho ul db em en ti on e dt h a tt h i sl ist of pro p erti es
is certainl y n ot exhaus ti v e .F or m o re prop er ties o f e￿ecti vi t y functions w e ref er the
reader to A b dou and Keidi ng (19 92).
Le t E : P
0




b e an e￿ e cti vit y function.
(i) E is A-monoton i c if f o r all S 2P
0




( A )w i th B ￿ B
0
and
B 2 E (S ), w eh a v eB
0
2 E ( S ).




( N )w i th S ￿ S
0
,a nd a l l B 2P
0
( A ),
with B 2 E (S ), w eh a v e B 2 E ( S
0
).
(ii i) E i s neu tr al if fo r all S 2P
0




( A )w i th
jB
0
j = jB j,w eh a v eB
0
2 E ( S ).5




























































It i s easy to c hec k that i f E i sc on v e x, then E i s also s up eradditiv e, and i f E i s
sup er a dditi v e , then E is N -m onoto ni c.
Giv ena ne ￿e c tiv it y functi o n tha t describ es c o ali tiona l p o w er in so c ie t y a nd a pro￿le
re￿e cting the i ndivi dua l prefe rences of all ag en ts, the pro bl em o f i n te rest is ho wt o
￿ n d a n al ternativ e, o r a set of alte rna ti v e s, whic he v ery a gen t can a gree up on. Since
w e study situations i n whic h a gen ts b eha v e c oo pe ra ti v ely , a ra t he r n atural so l ution
concept i s the core of an e￿ecti vi t y func tion (Moulin and P el eg (19 82 )). The c or e
descri be s whether the outcom e is sta bl e with resp e ct to c o ali tiona l de viations.
Le t E : P
0








a pro￿le . A n
alternativ e a 2 A i s dom in ate d b y a sub se t B 2P
0
( A )o f a l ternativ es v i aac o ali tion
S 2P
0
( N )i fB 2 E ( S ) and bP
S
a for all b 2 B . The c or eo fEa t R
N
, Co r e ( E; R
N
),
consists o f all alternativ es a 2 A whic h a re no t dom i na te db ya n y subset of alterna-
tiv es v ia an y coa l iti on . A n e ￿e ctiv it y functi on E is ca l le d stabl e if Co r e ( E; R
N
) 6 = ;





Sta bi li t y o f e￿ec tivi t y functi o ns has b een s tudi ed b y sev eral au thors. Th e ￿rst gene ra l
result o n stabil it y of e￿ecti vi t y is due to P e leg (198 2), who sh o w ed that con v ex e ￿e c-
tiv it y fun c tions are sta bl e. A com ple te c haracteri zation of sta bl ee ￿ e cti vit y functions
is due to Ke iding (1 98 5).
In t h e last part of this sec tion w e discuss three s ub cl a sses of e￿ect ivi t y fun c tions, all
in tro duced in M ou l in and P e leg (198 2), whic h pla ya n i m p orta n t role in the li tera-
ture. Succ ess i v e ly ,w e discuss e￿ecti vit y functi o ns corresp o nding to m on otonic si m ple
ga m es, a ddi tiv e e￿ec tivi t yf un c tions , a nd e￿ec tivi t yf un c tions c o rre sp ond i ng to v eto
functi o ns.
Ex am ple 2.1 Si m pl e games
A TU- game on N is a pair (N; v ) (often deno te d sim pl yb yv ), w he re v :2
N
! I Ri s
a functi o n with v (;)= 0 . A T U -g am e v i s call ed a simple g am e if v (S ) 2f 0 ; 1 g for
all S 2 2
N
and v (N )=1 . A s i m pl eg a m ev is monoton ic if for all S; T 2P
0
( N )w i th6
S ￿ T and v (S )= 1 i th o l ds t ha t v( T ) = 1 . Let S b e a coa l iti on . I f v ( S ) = 1 , th e n
S is a win ning coaliti on , a nd if v (S ) = 0, then S is call ed l osing.








to a m ono tonic











( A ) if S is w i nning
fAg if S is los i ng :
Winni ng c o ali tions ha v e the p o w er to enforce ev ery s ubset o f al terna ti v es, whereas a
losing coa l iti on ha s n o p o w e ra ta l l. In P ele g (1 98 4a) this e ￿e c tivi t y function i s calle d
the s t andar d e￿e ct ivity func tion asso c iate d with v .I t i s cle a r tha t E
v
i s A-m ono tonic
an d N -m ono tonic .F urthe rm ore, if v is pr op er,i . e. , v (S )= 1 i m pl ies v (N n S )= 0 ,
t h e n E
v
i s s u pe ra ddi tiv e, and i f v i s str ong ,i .e. , v (S )= 0 i m pl ie s v (N n S )=1 ,
t h e n E
v












￿ v ( S )f o r all S 2 2
N
g is non -em pt y ,t h e n E
v
i s s table .A
com pl ete c hara c teri zation o f sta bl ee ￿e c tivi t y functi o ns ass o ciated wi t ham ono tonic
sim pl eg a m es i s pro vi ded b y Nak am ura (1 979 ).
Ex am ple 2.2 A dditive e ￿ e c tivit y func tions
Le t ￿ 2 I R
N
and ￿ 2 I R
A
be t w o p ositi v e proba bi li t ym e a sures o n N and A , resp e c-
tiv el y . So, ￿
i





= 1, and ￿
a





= 1. Th e v ectors ￿ and ￿ gi v e rise to an e ￿e c tivi t y functi on E
￿ ; ￿
i n the
foll o wi ng w a y .F or S 2P
0
















The in terpretation is that S is e￿ec tiv e for B i f the tota l v eto p o w e ro fS (m easu re d





=1 w e see that
B 2 E
￿ ;￿











It i sl e ft to th e reader to c hec k tha t E
￿ ;￿
is i nd e ed an e￿ecti vit y functi on . A n e ￿e ctiv it y
functi on E : P
0




i sc al le d additive i f there exi st p ositi v e pro babil it y
m e a sures ￿ 2 I R
N
an d ￿ 2 I R
A
suc h tha t E = E
￿; ￿
.I t is cle a r tha t these pro babil it y
m e a sures need no t b e unique ly dete rm ine d.
Addi tiv e e￿ecti vi t y functi o ns pla y a pro m inen t rol e in the li terature on e ￿e ctiv it y
functi o ns. One o f the re a sons i s that additi v ee ￿e ctiv it y functions are con v ex and7
hence , sta bl e.
An i m p ortan t a ppl ication o f additi v ee ￿e c tiv it yf un c tions i s the cl a s so fe ￿e ctiv it y
functi o ns corresp o nding to a v ot i ng b yv e to m etho d (cf . Mouli n (1 98 3)). S t or c k e n
(19 94 ) c hara c teriz es the cl as s of a ddi tiv e e￿ec tivi t yf un c tions b ya s s o c iating a si m ple
ga m ew i th eac h e￿ec tivi t y functi on an d u s i ng El g ot’ s (1 961 ) c haracteri zation of the
cl a ss of all w e igh ted s i m pl e gam es. F or de ta i ls on thi s result the re ad e r is referre dt o
S to r c k en (1 994 ).
Ex a m ple 2.3 V eto func tions
A v eto funct ion (cf. Mouli n (19 82)) i s a functi on ￿ :2
N
!f 0 ; 1 ;:::; j A j￿ 1 g wi th
￿ (;): =0a n d￿ ( N ): =j A j￿1. (N ot i ce th at a v e to functi on c a n b e regarded a s a
TU-ga m e o n N .) Gi v e na v e to functi on ￿ , the e￿ e c tivit y f u nct io n E
￿
c orr esp on ding
to ￿ is de￿ned b y
E
￿
(S ): =f B 2P
0
( A )j ￿ ( S )￿j A n B jg
for all S 2P
0
( N ) .
W el ea v ei t to the reader to v eri fy that E
￿
i sa ne ￿e ctiv it y functi on . A g ain, the
in terpretation is that a coa l iti on S i s e￿ecti v e fo r a subset of a l ternativ es if S can
v etoa l la l ternativ es ou t si de B , where the v eto p o w er of c o ali tions is de sc rib ed b y
the v eto function ￿ (w hi c hi s a TU-g am e ). Sinc ei nt h i sc a se the v eto p o w er of
coa l iti o ns nee d not b e additi v e ,i ti sc lear tha t e ￿e c tivi t y func tions c o rre spon d i ng to
v eto funct ion s nee d not b e additiv e e￿ec tivi t y functi on s.
Sev eral prop erti es o f E
￿
c a nb ef o r m ul a ted i nt e rm s o f the v eto f un c tion ￿ (cf. A b dou
an d Kei ding (19 92)). F or exam ple , E
￿
is sup eradd i tiv ei fa n do n l yi f￿ i s sup er additive ,




) ￿ ￿ (S
1
) + ￿ (S
2










= ;.O t te n (19 95)
sho w s that, a nalogo us to e￿ec tivi t y functi o ns corresp o ndi n g to m o noto ni cs i m ple
ga m es, ba l an c edness of ￿ i sa s u ￿ cie n t cond i tion fo r stab i li t yo fE
￿
.
Co n trar y t o the cl a ss o f additi v ee ￿e ctiv it y functions, it is rather eas y to c ha racte rize
the c lass o f e￿ecti vit y func tions corresp onding to v e to functions. The e ￿e ctiv it y
functi on E
￿
c o rre spo nd i ng to v e to function ￿ i s neutral a nd A -m on otonic. Co n v ersel y ,





(S ): =m axfjA n B jj B 2 E ( S ) g
for all S 2P
0




Sinc e e￿ec tivi t y functi o ns ass o ciated w i th m ono t o nic sim ple g am e sa r e b o t hn e utra l
an d A-m ono tonic ,i t foll o w s that this c lass i s a s ub cl a ss of the e￿ec tivi t y functions
corresp o nding to v e to functi o ns. A dd i tiv e e￿ecti vi t y functi on s h o w e v e r, need no t b e
neutral, so thi sc l a s si sn o tas u b c l a ss of the cl a ss o f e￿ec tivi t y functi o ns corresp o nd-
ing to v eto func tions .
In the n e xt s e ction w ei n t r odu c e another c lass o f e￿ec tivi t y functi o ns, cal led de-
com p o sable e ￿e c tivi t y func tions , whic hi ncorp orates al l three cl a sses o f e ￿e ctiv it y
functi o ns tha t w ed i sc us sed in this secti on .
3 D e c om po s ab le e ￿ectiv it y functions
Based on the obs e rv at i o n that additiv ee ￿ e cti vit y functi o ns can b e generated b y
p ositi v e proba bi li t ym e a sures o n N and A , whic hc an b e r e g arded a s additiv e TU -
ga m es on N an d A ,w ei n tro duce the foll o wing g e nerali za t ion o f a ddi tiv ee ￿e ctiv it y
functi o ns.
Le t v :2
N
![ 0 ; 1] a nd w :2
A
![0; 1] b e TU-g am e so n N an d A ,w h i c h s ati sf y
v( N ) = 1 a n d v ( S ) > 0 fo r all S 2P
0
( N ) , w ( A )=1 a n d w ( B )> 0 for all B 2P
0
( A ) .
T h e g a m e s v a n d w g ene ra te an e￿ecti vi t y functi on E ( v; w): P
0





foll o ws . F or S 2P
0
( N )a n dB2P
0
( A )
B 2E ( v ; w ) ( S )i f and o nly i f v (S )+w ( B ) > 1 :
A n e ￿ e ctiv it y function E : P
0




is c a l led de c omp o sab le if there exi st T U -
ga m es v an d w as ab o v e suc h tha t E = E (v; w). F o r suc h TU-ga m e s v an d w, E ( v; w)
i s call ed the e ￿e c tivit y func tion g en er ate d by v and w.
He re the TU - gam e v re pr e sen ts the v eto p o w er of coa l iti o ns and w represen ts the
v eto re si sta nce o f subs e ts of a l ternativ es.
It readil y follo ws fro m th i sd e ￿n i tion tha t ad di tiv e e￿ecti vi t y functi o ns a re de com -
po sa bl e. Th ef o l lo wing pro p os i tion il lustra te s that also e ￿e ctiv it y functions corre-
sp onding to v e to functi on s ar e de com p o sab l e.
Prop osit ion 3. 1 Let E : P
0




be a n e￿ec tivi t y functi o n. T he fol lo wing
sta te m en ts are equi v al en t
( i ) Ei sd e com p o sab l e
(i i) there ex ist v : P
0
(N ) ! [0; 1] and w : P
0
(A ) ! [ 0; 1 ] suc h tha t for all S 2P
0
( N )
and all B 2P
0
( A ) it holds that9
B 2 E (S ) if a nd on l yi fv ( S )+w ( B ) > 1








(A) ! [ 0; 1] su c h tha t f o r all
S 2 P
0
(N ) and a l l B 2P
0
( A ) i t holds tha t
B 2 E (S ) if a nd on l yi fv
1
( S ) + w
1
( B ) ￿ 1








![0; 1 ] with w
2
(;): =0 s u c h that
for al l S 2P
0
( N ) and all B 2P
0
( A ) it holds tha t
B 2 E (S ) if a nd on l yi fv
2
( S ) ￿ w
2
( A n B )








![0; 1 ] with w
3
(;): =0 s u c h that
for al l S 2P
0
( N ) and all B 2P
0
( A ) it holds tha t
B 2 E (S ) if a nd on l yi fv
3
( S ) >w
3
( A n B ) :
A s t h e pro of o f this pro p os i tion is straigh tforw ard, it i so m it ted.
1
F rom Pro p os i tion 3. 1 (iv )w e can deri v e the fo l lo wing coro l lary .
C or ollary 3.2 E￿ e cti vit y functi on s a sso ci at e d with m o notonic s i m pl eg a m es and
e￿ecti vi t y functi o ns corresp onding to v eto functi on s are decom p o sable.
4 Prop e rties o f T U- gam es and decom po s ab le ef-
fec ti vit y func tions
In this secti on w e exam i n e relations b et w ee n prop e rtie s of the TU-g am e s v an d w
an d the e￿ec tivi t y functi on E (v; w).
The foll o wi ng p rop o sit ion s ho ws tha t if v and w ar e m ono tonic , then E (v; w)i sN -
an d A -m o noto ni c. The pro o f i s straigh tforw ar d.






be the dec om p os able e ￿e ctiv it y
functi o n generated b y the TU-ga m e s v an d w. Then
1





(i =1 ; 2 ; 3).10
(i) if v is m on otonic, then E i s N -m ono tonic
(i i) if w is m ono tonic , then E i s A -m o notonic.
With resp e ct to the c on v e rs e of thi s prop os i tion i tc a n b e see n tha t if E i s N -
m ono tonic (A-m ono tonic ) and decom p o sable, th e nt h e re ex ist T U -g am e s v an d w
w i t h v ( w)m o noton i cs u c h that E = E (v; w ). (T he TU-ga m e s v an d w co nstructe d
in the pro of o f Theorem 5.4 a re m o noto ni ci fE is m ono tonic .)
Pro p os i tion 4 . 2 sho w s that a decom p o sable e ￿e c tiv it y func tion i sc on v e xi fi tc a nb e
g e n e r a ted b y con v ex TU-ga m es.






b e the dec om p os able e ￿e ctiv it y
functi on ge nerated b y the TU-ga m es v and w .I f v an d w are c on v e x, then E i s con v ex.
Pr o o f. Le t v b e con v ex ,i .e. , fo r all S; T 2P
0
( N ): v (S )+v ( T) ￿ v ( S [ T )+v ( S \T),
an d l et w b e co n v e x. L e t S; T 2P
0
( N ), B 2 E (S )a n dD2 E ( T ). W eh a v e to sho w
tha t E is con v ex, i.e ., B \ D 2 E (S [ T )o r B [ D 2 E ( S \ T ).
Sinc e v (S )+w ( B ) > 1 and v (T )+w ( D ) > 1, w eh a v e
v ( S )+v ( T )+w ( B )+w ( D ) > 2 :
Usi n g con v exi t yo fv an d w no wy i elds
v (S [ T ) + w (B \ D )+v ( S \ T )+w ( B [D ) > 2 :
H e n c e , v ( S[ T )+w ( B \ D ) > 1o r v ( S \ T )+ w ( B [ D ) > 1. So, B \ D 2 E (S [ T )
or B [ D 2 E (S \ T ). 2
The next e xam ple s ho ws tha t E (v; w) is not necessaril y su p eradditi v e , if b oth v and
w are sup e ra ddi tiv e.
Ex am ple 4.3 Le t N = f 1; 2 ; 3 g and A = fa; b; cg. De￿ne v :2
N
! [ 0 ; 1] b y
v (;)= 0 ;v ( f 1 g )= v ( f 2 g )= v ( f 3 g )= 1 = 3 ;v ( f 1 ; 2 g )= v ( f 1 ; 3 g )= v ( f 2 ; 3 g )= 2 = 3,
an d v (N ) = 1, and de ￿n e w :2
A
![0; 1] b y w (;)= 0 ; w ( f a g )= w ( f b g )=
w ( f c g )=1 = 4 ;w ( f a; bg)= w ( f a; cg )=w ( f b; cg)= 3 = 4, a nd w (A) = 1. Th e n for
all S; T 2P
0
( N )w i th S \ T = ; w eh a v e v ( S )+v ( T ) ￿ v ( S [ T ), a nd fo r all
B; D 2P
0
( A ) with B \ D = ; w eh a v e w ( B )+ w ( D ) ￿ w ( B [D ). So v an d w ar e
sup er a dditi v e . F urtherm or e , f a; bg2E ( v; w)(f1g) and fa ;c g2 E ( v; w)(f2g), but
fag6 2 E ( v; w )(f1; 2g). Henc e, E (v; w) is not su p eradditi v e .11
It can b e sho w n tha t E (v; w)i s sup e ra ddit iv ew h e ne v e r v is sup erad di tiv ea n dw
con v ex.
Theorem 4 . 4 states that if b oth v and w ha v e a n on-em pt yc o re, then also the c or e
of E (v; w) is no n-em pt y for e v e ry prefere nce pro ￿l e.






b e the decom p os able e ￿e ctiv it y
functi o n generated b y the TU - gam es v and w .I f v and w are balanced, then E i s
sta bl e.










= 1. F urther-
m ore, x
i
￿ v (fig) > 0 for all i 2 N and y
a
￿ w (fag ) > 0 for all a 2 A. So, the v ectors
x a nd y determ ine an additi v e e￿ec tivi t y functi on E
x;y
. Moreo v er, E (S ) ￿ E
x;y
(S )
for al l S 2P
0










> 1. N o w
sta bi li t yo f E foll o ws dire ctl y fro m the fact that E
x ;y
is s t a ble . 2
It is a n o p en pro bl em whether eac h sta bl ed e com p osa bl e e￿ecti vit y function c an b e
generated b y TU-ga m es v an d w b oth ha vi ng an non-em pt yc or e .
5 A c h ara c terization of decom po s ab le e￿ectiv it y
func tio n s
Mouli n a ndP el eg (1 982 ) s ho w e d tha t eac hn e utra l and A-m ono tonic e￿ec tivi t y func-
tion corresp onds to a v eto funct ion and c on v er se ly . Ac ha r a cte riz at i o n of additi v e
e￿ecti vi t y func tions i s pro vide db y Storc k en (199 4) using a prop e rt y that strengthens
con v exi t y .I n thi s secti on w ew i ll pro vi de a c hara c teri zation of the cl a s so fd e com -
p osa bl e e￿ect ivi t y functi o ns using a m od i ￿cation of the ‘w e a k axi om of r e v eale d
prefe rence ’i n the theory of p re fere nc e rev e lation. T hi s pro p ert yi s call ed the rev eale d
po w er pro p ert y .
Le t E : P
0




be an e￿ecti vit y funct i o n. S u ppo se t h at f or al lc o ali tions
S; T 2P
0
( N ) a nd all subsets B 2P
0
( A ) of alte rna ti v e s with B 2 E (S )a n d B 62 E (T )
w eh a v e, i f D 2P
0
( A ) and D 2 E (T ), then D 2 E (S ). I n thi s cas e w es a y that E
sa ti s￿ e s the r ev e a le dp o we r p r op erty .
The i n terpre ta ti o n of thi s pro p ert y is the follo wi ng : If a n e ￿e ctiv it y functi o n satis-
￿es the re v e al ed p o w er prop e rt y and a coa l iti on S i s e￿ecti v e for a c ertain subs e to f12
alternativ es fo r wh i c h coa l iti on T is no t e￿ e cti v e , the n this ‘rev eals’ that S ha s m or e
po w er tha n T ,i . e., S i se ￿e ctiv e for ev e ry su bset that T is e￿ecti v ef o r .
It i sc l ear th at a n e￿ec tivi t y functi on E sa ti s￿ e s the rev eale dp o w er prop e rt yi fa n d
on l yi ff o ra l lS; T 2P
0
( N )w eh a v e
E ( S ) ￿ E ( T )o rE ( T ) ￿ E ( S ) :
T he foll o wing propos i tion sho w s that the rev ealed p o w er pro p ert yi sa n e cessa ry
conditi o n to c ha racte riz e decom p o sable e￿ec tivi t y functi on s.
Prop osit ion 5. 1 Let E : P
0




b e an e ￿e ctiv it y func tion. If E is de com -
p osa bl e, the n E sa ti s￿ e s the re v e al ed p o w e r prop e rt y .
Pr o o f. Let E b e decom p os able . Then there ex ist TU-g am e s v an d w suc h that
E = E (v ; w ). L e t S; T 2P
0
( N ) w i t hE ( S )6￿ E (T ). W es h o w tha t E (T ) ￿ E (S ).
Sinc e there is a B 2P
0
( A ) with v (S )+w ( B ) > 1a n dv ( T )+w ( B ) ￿ 1, i t follo ws hat
v (S ) >v ( T ). N o wl et D 2 E (T ). Then v (T )+ w ( D ) > 1 a nd hence v (S )+ w ( D ) > 1,
whic hi m pl ies tha t D 2 E (S ). So w em a y concl ude tha t E (T ) ￿ E (S ). 2
It turns o ut that the rev eale dp o w e r prop ert yi s also a s u￿ cie n tc o ndit ion to c har-
acteri ze decom p os abil it y .I n order to pro v e thi s, w e ￿rs t i n tro duce so m e a ddi tiona l
no tati on .
Le t E : P
0


















( B )= f S 2P
0
( N ) jB 2E ( S ) g :
W e can restate th e re v e al ed p o w er pro p ert yi n term so ft h e d u a l o fa ne ￿e ctiv it y
functi on .
Le m m a5 . 2 Let E : P
0




be an e￿ecti vi t y funct ion . Then E sa ti s￿ e s the
rev eale dp o w e r pro p ert yi f a nd only if fo r al l B; D 2P
0
( A )w eh a v eE
d





(D ) ￿ E
d
(B ).
Pr o o f. Let E s atisfy the rev eale dp o w er pro p ert y . Let B; D 2P
0





(D ). T he n there exi sts a coa l iti on S 2P
0
( N ) with B 2 E (S )a n d D 62 E (S ). N o w
le t T 2 E
d
(D ). Then D 2 E (T ), a nd since E s atis￿es the re v e al ed p o w e r prop er t y ,
w eh a v eE ( S )￿E ( T ). S i nce B 2 E ( S ), it fo l lo ws that B 2 E (T ), wh i c hi m pli es
T 2 E
d
(B ). Henc e, E
d







= E the other im pli ca ti on foll o ws .
2









corresp o nding to an arbitrary e￿ec tivi t y functi on E ,d e ￿n e db y
S￿
N
T , E ( S )=E ( T ) fo r all S; T 2P
0







( D ) for all B; D 2P
0
( A ) : (2)





]; : : :;[ S
k
] i n d uced b y ￿
N
in a dec reas i ng w a y ,i . e.,
S 2 [ S
i
];T 2 [ S
j
] ;i < j ) E ( S )
￿
6 =
E ( T ) : (3)
(Note that N 2 [ S
1
]) .
By L em m a5 . 2i tf o l lo ws tha t i f E sa ti s￿ e s the rev e al ed p o w er prop ert y ,i t is p ossible
to order the eq ui v al ence class e s[ B
1









];D 2 [ B
s







( D ) : (4)
(Note that A 2 [B
1
]).
Le m m a5 . 3 Let E : P
0




b e an e ￿e c tiv it yf un c tion whi c hs a t i s￿es the




b e the e quiv ale nce re lations a s de ￿n e d











]; : ::;[ B
l
] b e ordere da si n (3) a nd (4), resp e cti v e ly . Then w eh a v e






















(ii i) k = l
(iv) for al l i 2f 1 ;::: ;k g and S 2 [S
i
]14







Pr o o f. (i) Let i 2f 1 ; :::;k g and S 2 [ S
i
]. I ts u ￿ ces to sh o w that fo r t 2f 1 ;::: ;l g ,
for B 2 [B
t
] with B 2 E (S ), and fo r D 2 [ B
r
] with 1 ￿ r ￿ t,w eh a v e D 2E ( S ).
This fo l lo ws i m m ediatel y fro m th e fa c t that E
d
(B ) ￿ E
d
(D ).
(ii ) Sim i lar to (i ).
(ii i) F rom (i )w ed e riv e tha t l ￿ k an d from (ii ) it follo ws tha t k ￿ l . Henc e, k = l .
(iv )F ol lo ws i m m ediatel y fro m (i) a nd (ii i). 2
No ww e are a bl e to pro v e
Theore m5 . 4 Let E : P
0




be a n e ￿e c tiv it y function. Then E i sd e com -
p osa bl e if and only i fi ts a t i s￿ e s the re v eal ed p o w er prop e rt y .
Pr o o f. Th e on l y if part foll o w s from Prop os i tion 5.1. T op r o v e the if part, le t E
sa ti sfy the rev ealed p o w er prop ert y .L e t[ S
1
] ; [ S
2
] ; : : : ; [ S
k
]b et h ee q u i v a lenc e classes
corresp o nding to ￿
N
o rdere d as in (3 ), a nd le t[ B
1
] ; [ B
2
] ; : : : ; [ B
l
] b e t h e e q u i v al ence
cl a sses corresp onding to ￿
A
ord e red a s in (4 ). By Lem m a 5.3 w eh a v ek= l a nd for
all S 2 [ S
i








No w de￿ne TU-ga m e s v :2
N
! [ 0 ; 1] and w :2
A
![0; 1] as f ol lo ws.
v (;): = 0 , w ( ; ): =0 , a n d
v ( S ): =( k +1￿i ) =k for a l l S 2 [ S
i
]a n di 2f 1 ;:: :;k g ;
w ( B ): =( k +1￿r ) =k fo r all B 2 [ B
r
]a n d r2f 1 ;: ::;k g :
Le t S 2 [ S
i
] and B 2 [ B
r
] .T h e n
v ( S )+w ( B ) > 1 , ( k +1￿i ) =k +( k +1 ￿r ) =k > 1
, k +2￿i> r
, r ￿k +1￿i
, B 2 E ( S ) :
He nce E = E (v; w), whic h com ple tes the pro o f. 215
6 Decom p os ab ilit y and ec helon m atrices
In S e cti o n2w eh a v e see n that an e￿ecti vit yf un c tion E c a n b e represen ted b ya
f 0 ; 1 g -m a tri x I
E
of s i ze 2
n
￿ 1 b y 2
jAj
￿ 1 , w he re fo r S 2P
0
( N ) a nd B 2P
0
( A ) ,
I
E
( S; B ) = 1 if and only i f B 2 E (S ):
In this secti on w ep r o v i d eac hara c teri zation of dec om p os able e￿ e cti vit y functions
int e rm so f m atrice s. W e sho w tha t an e￿ec tivi t yf un c tion is decom p os able if and
on l yi f it can b e r epresen te db yaf 0 ; 1 g -m atrix in ec helon form in whic h the 1’s a re

















































Theore m6 . 1 Let E : P
0




b e a n e ￿ ec tivi t y function an d I
E
a m atrix
tha t represen ts E . Then E i s decom p o sable if and o nl yi f i ti s p os si ble to re a rrang e
ther o ws and colum ns of I
E
in suc ha w ay tha t the rearrang ed m at rix has a n e c he lon
form a s in Fi g ure 1.
Pr o o f. Le t E be d e com p osa bl e. By Theorem 5.4, E s ati s￿ e s the rev ealed p o w er prop-






] b e the equi v al ence cl a sses c o rre spon d i ng to ￿
N
o rdere d






]b e t he e q uiv alenc ec las se s corresp onding to ￿
A
ord e red as i n (4 ). Rearrang e the ro ws and colum ns o f I
E
ac cording to these e quiv a-
le nce cl as ses. Co nside r th e colum n corresp o ndi n g to a coa l iti on S 2P
0
( N ). S 2 [S
i
]






] .F ro m
this o bserv ation i ti m m ediatel yf o l lo ws that e v e ry ro w of the rearrang e dm atri x has





denotes the tra nsp osed of a v ect or x ). He nce, the re a rrang e d16
m atrix has the e c he lon form of Figure 1.
T o pro v e the if part, supp ose i t is p o ssibl e to rearra nge the ro w s and colum ns of I
E
in suc ha w a y tha t w eo b t ai nam a tri xi n t h e form of Fi gu re 1. Supp ose th e c ol um ns




j A j ￿ 1
. Let S 2P
0
( N ). De ￿n e






)=1 g .S i nce the ro w corresp onding to S
ha s the form (1 ; :::;1 ;0 ;:::;0), i t foll o w s tha t E (S )=f B
1
; :::;B
m ( S )
g .F rom th i s
obs e rv at i o n it i m m e di ately foll o ws that f or S; T 2P
0
( N )w eh a v eE ( S )￿ E ( T )i f
an d o nl yi fm ( S ) ￿ m ( T ). He nc e, E sa ti s￿es the rev ealed p o w e r prop e rt y a nd he nce,
b y Theorem 5.4, E is decom p o sable . 2
Ac k no wle dgem en t
The a uthors are gra te ful to B ezale lP e leg fo r hi s com m en ts o n a pre vious v ersi on o f
the pa p er.
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